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Typically, in the practice of causal inference from observational studies, a parametric model
is assumed for the joint population density of potential outcomes and treatment assignments, and possibly this is accompanied by the assumption of no hidden bias. However,
both assumptions are questionable for real data, the accuracy of causal inference is
compromised when the data violates either assumption, and the parametric assumption
precludes capturing a more general range of density shapes (e.g., heavier tail behavior and
possible multi-modalities). We introduce a ﬂexible, Bayesian nonparametric causal model
to provide more accurate causal inferences. The model makes use of a stick-breaking prior,
which has the ﬂexibility to capture any multi-modalities, skewness and heavier tail
behavior in this joint population density, while accounting for hidden bias. We prove the
asymptotic consistency of the posterior distribution of the model, and illustrate our causal
model through the analysis of small and large observational data sets.
& 2011 Published by Elsevier B.V.
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1. Introduction
The potential outcomes framework is fundamental to causal inference in the medical and social sciences. The
framework was introduced by Neyman (1923/1990) and it was further elaborated by Rubin during the 1970s (e.g., Rubin,
1978). In causal inference, the main objective is to infer causal effects, with each causal effect deﬁned as the difference
between the outcome of a subject had s/he been exposed to the active treatment, and the outcome had the same subject
been exposed to the control treatment. However, causal inference often needs to be performed from an observational
study instead of from a randomized experiment (e.g., Rosenbaum, 2002a), because it is not feasible to assign treatments.
Thus in these situations, the treatment assignment probabilities are unknown. To obtain accurate causal inferences, these
probabilities need to be accurately estimated given all relevant pre-treatment covariates, so that it becomes possible to
compare the outcomes of subjects receiving different treatments.
Let us elaborate by providing a brief review of causal inference under the potential outcomes framework. For simplicity
and with no loss of generality, consider the case of two treatments; the control treatment (w ¼0) and the active treatment
(w¼1). Then the framework refers to a given population of N subjects who received treatments, ðw1 , . . . ,wN Þ, vectors of
observed pre-treatment covariates describing the subjects, ðx1 , . . . ,xN Þ, the subjects potential outcomes under the control
ð1Þ
ð1Þ
treatment, ðy1ð0Þ , . . . ,yð0Þ
N Þ, and the potential outcomes under active treatment, ðy1 , . . . ,yN Þ, where for every subject i, both
ð1Þ
potential outcomes ðyð0Þ
,y
Þ
are
viewed
as
occurring
in
a
common
point
in
time.
This
notation for the framework is
i
i
possible under stable unit-treatment values assumption (SUTVA), which is often adopted. SUTVA refers to the assumption

n
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that, for each unit i, the potential outcomes ðyð0Þ
,yð1Þ
Þ are unaffected by the treatments received by all the other subjects
i
i
(e.g., Rubin, 1990). A causal effect refers to a comparison of potential outcomes under treatment and potential outcomes
under control, on a common set of subjects. A commonly used summary of treatment effect is the average causal effect in
the population, deﬁned by the population expectation Eðyð1Þ yð0Þ Þ ¼ Eðyð1Þ ÞEðyð0Þ Þ. The fundamental problem facing causal
inference (Rubin, 1978; Holland, 1986) is that, for each unit i, it is impossible to compare the potential outcomes yð0Þ
and
i
yð1Þ
for each subject to infer causal effects, because it is only possible to expose each subject to one of the treatments, and
i
thus, only one of the potential outcomes is observable from each subject. Also, while a sample from the population can be
used to estimate Eðyð1Þ 9w ¼ 1Þ and Eðyð0Þ 9w ¼ 0Þ, these expectations do not necessarily coincide with the marginal
expectations Eðyð1Þ Þ and Eðyð0Þ Þ that deﬁne the average causal effect.
However, the assumption of strongly ignorable treatment assignments, and propensity scores, provide keys to solving the
fundamental problem of causal inference in the context of an observational study. Rosenbaum and Rubin (1983a) proved that
when treatment assignments are strongly ignorable given the observed covariates x, then given any value of the propensity
score, e1 ðxÞ ¼ prðw ¼ 19xÞ (with e0 ðxÞ ¼ 1e1 ðxÞ), the causal effect can be deﬁned by Efyð1Þ 9w ¼ 1,e1 ðxÞgEfyð0Þ 9w ¼ 0,e1 ðxÞg,
and the average causal effect can be deﬁned by Ee1 ðxÞ ½Efyð1Þ 9w ¼ 1,e1 ðxÞgEfyð0Þ 9w ¼ 0,e1 ðxÞg, where Ee1 ðxÞ is the expectation
with respect to the population distribution of e1 ðxÞ. Treatment assignments are said to be strongly ignorable when they are
probabilistic and conditionally independent of the outcomes given x, that is, when 0 oprðw ¼ 19xÞ o 1 and ðyð0Þ ,yð1Þ Þ ? w9x for
Q
all x, and as a consequence, the joint probability of treatment assignments can in general be deﬁned by N
i ¼ 1 ewi ðxi Þ (e.g.,
Rubin, 2007). Rosenbaum and Rubin’s (1983a) theoretical results justify the use of different types of causal models for
observational studies. They include models that stratify subjects either by propensity scores estimated via logistic regression
(Rosenbaum and Rubin, 1984), models that weigh observations by the inverse of estimated propensity scores (e.g.,
Rosenbaum, 1987; Robins et al., 2000),models based on matching pairs of subjects on their estimated propensity scores,
and covariance adjustment models which regress observed outcomes on w and the estimated propensity score. Also, while it
is possible to regress outcomes on both w and x, this approach may yield paradoxical results in causal inference (Holland and
Rubin, 1983; Lord, 1967). For reviews of the voluminous literature on methods of causal inference, see for example,
Rosenbaum (2002a); Gelman and Meng (2004), and Rubin (2006). However, hidden bias is present in many observational
studies because, for example, the investigator does not know all the important covariates. When there is hidden bias,
treatment assignments are not strongly ignorable given the observed covariates x, but instead, they are strongly ignorable
given the covariates ðx,uÞ, where u is a set of unobserved pre-treatment covariates. Among distinct pairs of subjects satisfying
xi ¼ xj , an observational study is free from hidden bias whenever e1 ðxi Þ ¼ e1 ðxj Þ holds for all such pairs, and hidden bias is
present in the study when there is at least one inequality among these pairs (Rosenbaum, 2002a).
Typically, in the practice of causal modeling, a parametric assumption is made for the joint population density f ðy,w9xÞ,
and often, it is also assumed that there is no hidden bias. Both assumptions are questionable, and when either assumption
is inconsistent with real data, the average causal effect estimate can be quite misleading, and its conﬁdence (or posterior
credible) interval can be falsely precise (concerning hidden bias, see for example, Drake, 1993; McCandless et al., 2007). In
particular, the parametric assumption precludes the capturing a more general range of density shapes, such as heavier tail
behavior and possible multi-modalities in the joint density. Also, in the past, hidden bias has often been addressed through
a sensitivity analysis. This involves expanding the causal model by including a hidden bias parameter that governs the
distribution of the unobserved covariates, which typically results in an unidentiﬁed model. Under the frequentist inference
approach, sensitivity analysis is conducted by plugging in a range of values of the bias parameter into the causal model,
and the rationale is that if the average causal effect estimate does not lead to a change in the qualitative conclusions about
the effect (e.g., the conclusion of a positive average causal effect), then the number of interpretations of the observational
data is reduced and the causal conclusions become more defensible (e.g., Cornﬁeld et al., 1959; Rosenbaum and Rubin,
1983b; Lin et al., 1998; Rosenbaum, 2002a). Unfortunately, this approach faces a number of interpretability and statistical
issues (e.g., Robins, 2002; Greenland, 2005). In a fully Bayesian approach to sensitivity analysis, a prior is speciﬁed on all
parameters of the (nonidentiﬁable) causal model, including the bias parameter (e.g., Greenland, 2005; McCandless et al.,
2007, 2008a, 2008b). However, because of the nonidentiﬁability, this prior distribution needs to accurately capture
information about the unknown sampling distribution of all model parameters, in order to ensure consistency of the
posterior mean estimate of average causal effect, and to ensure that the credible interval has a nominal large sample
coverage probability (Gustafson, 2005; McCandless et al., 2007). This prior information can be difﬁcult to elicit in many
observational studies.
To address these open problems we introduce a Bayesian nonparametric causal model. The model makes use of a stickbreaking prior for the joint distribution, having the ﬂexibility to capture any multi-modalities, skewness and heavier tail
behavior, while accounting for hidden bias. The stick-breaking prior is a general type of nonparametric prior which
includes the Dirichlet process as a special case. Using an identiﬁable model, we account for hidden bias by capturing
heterogeneity in subjects caused by unobserved covariates, as is done in the frailty approach to survival analysis based on
proportional hazards (e.g., Duchateau and Janssen, 2008).
We review the stick-breaking prior distribution in the next section, and in Section 3 we introduce our Bayesian
nonparametric causal model. In that section we discuss the features and assumptions of the model, and discuss methods of
posterior inference using a Gibbs sampler. Technical details are given in appendices. In Section 4 we illustrate the Bayesian
nonparametric causal model through the analysis of small and large observational data sets. With Section 5 we conclude
with a proof of the posterior consistency of our Bayesian nonparametric causal model.
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2. Stick breaking prior
The stick-breaking prior is a general type of Bayesian nonparametric prior that can be speciﬁed to support the entire
space of random distributions G. Under such a prior, denoted by SBða,b,HÞ, a random distribution G is a stochastic process
constructed as follows (e.g., Müller and Quintana, 2004). Let hj  H independently and vj  Betaðaj ,bj Þ independently for
j ¼ 1; 2, . . . , where H is a distribution with density h deﬁned with respect to Lebesgue measure, with a ¼ ða1 ,a2 , . . . ,aj , . . .Þ0
and b ¼ ðb1 ,b2 , . . . ,bj , . . .Þ0 vectors of positive-valued parameters. Then a random distribution is constructed by
P
Q
GðÞ ¼ 1
j ¼ 1 oj dhj ðÞ, where w1 ¼ v1 and oj ¼ vj k o j ð1vk Þ for j 4 1, where HðÞ ¼ EfGðÞg deﬁnes the prior mean, and dh
denotes the degenerate distribution with point-mass at h.
This construction is called a ‘‘stick-breaking’’ procedure because at each stage j, we randomly break what is left of a
stick of unit length, and assign the length of this break to the current oj value. Also, it is obvious from this construction
that a stick-breaking prior supports discrete distributions with probability 1. The stick-breaking prior includes other
important nonparametric priors as special cases. For example, the two-parameter Poisson–Dirichlet process (Pitman,
1996) is obtained by taking aj ¼ 1a and bj ¼ bþ ja for 0 r a o1 and b 4a. As another example, taking a ¼0 and b ¼ a
results in the Dirichlet process (Sethuraman, 1994), where a is a precision parameter representing the prior degree of
belief in H.
3. Bayesian nonparametric causal model
For a sample set of data fðwi ,xi ,yi Þgni¼ 1 , and binary treatments (w¼0,1), the Bayesian nonparametric causal model is a
nonparametric mixture model for the joint density of potential outcomes and treatment assignments. For i ¼ 1, . . . ,n, this
model is deﬁned by
Z
f ðyi 9b0 þ bT wi þ be1 ðxi ; l0 , kÞ, s2 Þewi ðxi ; l0 , kÞ dGðb0 , bT , l0 Þ
f ðyi ,wi 9xi ,GÞ ¼
G  SBða,b,H ¼ Normalðl,TÞÞ:
In words, the joint density of potential outcomes and treatment assignments, f ðy,w9x,GÞ, is modeled by conditional
densities f ðy9Z, s2 Þ and e1 ðx; l0 , kÞ, where f ðy9Z, s2 Þ has mean and variance ðZ, s2 Þ, and is deﬁned with respect to Lebesgue
measure or counting measure (as appropriate), and e1 ðx; l0 , kÞ is the propensity score deﬁned by a logit model
e1 ðx; l0 , kÞ ¼ ½1 þ exp fðl0 þ k0 xÞg1 . Adopting the standard framework for generalized linear models (GLMs; McCullagh
and Nelder, 1989), the f ðy9Zi , s2 Þ (i ¼ 1, . . . ,n) can be speciﬁed by either normal ðy9Zi , s2 Þ, poissonðy9 exp Zi Þ, or
binomialðy9ni ,f1 þexp ðZi Þg1 Þ densities. Speciﬁcally, f ðy9Z, s2 Þ depends on a random intercept (b0 ), a random causal
effect (bT ), and on covariance adjustment on the propensity score via the term be1 ðx; l0 , kÞ,while the propensity score
e1 ðx; l0 , kÞ depends on a random intercept (l0 ). The mixing distribution G of the random parameters ðb0 , bT , l0 Þ is modeled
nonparametrically by a stick-breaking prior with parameters ða,b,HÞ, and we specify H (the prior mean of G) as the
trivariate normal distribution with mean and covariance parameters ðl,TÞ, with l ¼ ðmb0 , mbT , ml0 Þ. Also, to facilitate working
with the nonparametric mixture model, we introduce latent ðb0i , bTi , l0i Þ associated with ðyi ,wi Þ, and then the joint density
of the ðyi ,wi Þ given ðb0i , bTi , l0i Þ can be written as
n
Y

f ðyi 9b0i þ bTi wi þ be1 ðxi ; l0i , kÞ, s2 Þewi ðxi ; l0i , kÞ,

i¼1
iid

with ðb0i , bTi , l0i Þ9G  G and G  SBða,b,H ¼ Normalðl,TÞÞ. After marginalizing over ðb0i , bTi , l0i Þ, the resulting joint density of
Q
the ðyi ,wi Þ is ni¼ 1 f ðyi ,wi 9xi ,GÞ: To complete the Bayesian model speciﬁcation, we specify a Normal ðmP , s2P Þ prior on b, a
p-variate Normal ðmk , Sk Þ prior on k, a trivariate Normal ðl0 ,T0 Þ hyperprior on l, an InverseWishart (n0 ,R0 ) hyperprior on T,
and when the error variance is treated as an unknown, a Gamma ða1 =2,a2 =2Þ prior for s2 : Finally, using standard
arguments of probability theory regarding Bayes’ theorem, a sample set of data fðwi ,xi ,yi Þgni¼ 1 updates the joint prior
distribution to yield a posterior distribution of ðb0 , bT ,G, b, s2 , l0 , k, l,TÞ given the data.
By ﬂexible nonparametric modeling of G, the mixing distribution of the random ðb0 , bT , l0 Þ, the model provides an approach
to causal inference, which can capture multi-modalities, skewness and heavier tail behavior in the joint population distribution
of potential outcomes and treatment assignments, while accounting for hidden bias. As cogently argued by Rubin (1985,
p. 469), for accurate causal inference, not only is it important to accurately model the treatment assignments (via propensity
scores), but it is also important to accurately model the outcomes. While in our model we assume that the pre-treatment
covariates (xi ) only inﬂuence the outcomes (yi) outcome via the propensity score, as is done in McCandless et al. (2009), we
provide a ﬂexible model for the outcomes through nonparametric mixture modeling of the distribution of random intercepts
and causal effects ðb0i , bTi Þ. (Though, in principle, the outcomes can be modeled to also depend directly on covariates.) Also, our
causal model assumes independence between observed pre-treatment covariates (xi ) and random intercepts (l0i ). This is a
similar modeling technique and assumption used for the frailty approach to survival models based on proportional hazards
(e.g., Duchateau and Janssen, 2008). Importantly, by modeling the random intercepts l0i in our causal model, we account for
hidden bias by capturing heterogeneity in subjects caused by unobserved covariates.
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Of course, treatments may be multi-valued in a given observational study. That is, there may be more than two
treatments, w ¼ 0; 1,2, . . . ,W, including one control treatment (w¼0), or possibly more. It turns out that the Bayesian
nonparametric causal model can be easily extended for multi-valued treatments, using Lechner’s (2001) theoretical results
which build on Rosenbaum and Rubin’s (1983a) proofs for strongly ignorable binary treatments. We provide details in
Appendix A. Interestingly, multi-valued treatments can also be implemented to weaken the SUTVA, in order to model
situations where the outcome of a given subject is inﬂuenced by the treatments received by other subjects (see Hong and
Raudenbush, 2006).
Also, a Gibbs sampler was developed to sample the full posterior distribution of the parameters of our Bayesian
nonparametric causal model, by iterative sampling of full conditional posterior distributions. Appendix B contains all the
technical details of the Gibbs sampler, where it is shown that latent variable methods are used to sample from many of
these full conditionals. A MATLAB program was written to perform the Gibbs sampling, and it can be obtained through
correspondence with the ﬁrst author.
4. Illustrations
In the following subsections, we illustrate the Bayesian nonparametric causal model on a small and large data set,
respectively. In each application we speciﬁed noninformative priors for most of the parameters of the model. We speciﬁed
a Normal(0,10) prior for b, a trivariate Normal ð0,diagð10ÞÞ prior for k and for l, an InverseWishart ð1,diagð1ÞÞ hyper–prior
on T; a stick-breaking prior with parameters aj ¼ 1a and bj ¼ b þ ja, with a ¼ :25 and b ¼1, and a Gamma ð1; 1Þ prior for
s2 (where appropriate). Also, in each application, we applied the Gibbs sampler to generate 15,000 samples. The last
10,000 samples were used for posterior inference, as plots indicated that the Gibbs samples converged to samples from the
target posterior distribution before 5000th Gibbs sample.
4.1. DNA data
In an observational study, Zhao et al. (2000) conducted an investigation to determine whether occupational exposure to
the chemical 1,3-butadiene causes a speciﬁc alteration of the human DNA adduct N-1-(2,3,4-trihydroxybutyl)-adenine (N1-THB-Ade). This chemical is used to produce a variety of polymers. Zhao et al. (2000) presented data from a chemical
operation in the Czech Republic, to compare measurements of N-1-THB-Ade in 15 males who worked with the chemical,
against those measurements of 11 male controls who worked in the heat production unit. Obviously, such a comparison
needs to be made in the context of an observational study, instead of in a randomized experiment. Given the potential
danger of this chemical, it would be unethical to randomly assign each subject into one of the treatment conditions. The
full data set is presented in Table 1, and for each subject, consists of a measurement of N-1-THB-Ade in units of adducts per
109 nucleotides, along with observations of three pre-treatment covariates: age, indicator of smoker, and number of
cigarettes smoked per day (CigDay). The 1,3-butadiene chemical is found in cigarette smoke, and more than half of the
exposed workers were smokers.
Zhao et al. (2000) analyzed the data using the ordinary Wilcoxon’s rank sum hypothesis test of zero causal effect, while
ignoring the pretreatment covariates. However, this test assumes that the subjects were randomly assigned to treatments,
which is very questionable. In response, Rosenbaum (2002b) analyzed the data using Wilcoxon’s rank sum hypothesis test
after adjusting for the propensity scores, with these scores estimated as a function of the three covariates. According to
both of these hypothesis tests, it was concluded that there were signiﬁcantly higher levels of N-1-THB-Ade among exposed
workers compared to controls, indicating a positive causal effect. However, both tests assumed no hidden bias.
We analyzed the data set with the Bayesian nonparametric causal model, which provides a ﬂexible model for the
outcomes and treatment assignments, while accounting for hidden bias. As done in Rosenbaum (2002b), we analyze the
natural log of the N-1-THB-Ade outcome measurements, and furthermore, we specify a normal model for these
measurements. Also the treatment assignments were assume to depend on the three pre-treatment covariates and
unobserved covariates. Table 2 presents summaries of the posterior distributions of all model parameters, including a
summary of the posterior predictive distribution of the random vector ðb0 , bT , l0 Þ based on the mixing distribution G
modeled by the (nonparametric) stick-breaking prior. The posterior mean of the average causal effect is 1.03 with 95%
credible interval (  1.49,3.30), so there does not seem to be a signiﬁcant effect of the 1,3-butadiene treatment. Also, the
posterior mean estimate and 95% posterior credible interval of the causal effect for each subject is presented in the last
column of Table 1, and we see that for each subject the interval contains zero. Table 2 shows that age was the observed
covariate having the most inﬂuence on the treatment assignments, with its coefﬁcient having posterior mean .67.
Furthermore, the posterior mean of the variance parameter tl0 was 6.81, indicating the presence of hidden bias, that is,
heterogeneity in subject-level intercepts (l0i ) as a result of unobserved covariates. Finally, among the 26 subjects, the
number of distinct parameter vectors ðb0 , bT , l0 Þ typically ranged from 1 to 7, according to the 95% credible interval of the
number in the posterior distribution.
So it is concluded that exposure to 1,3-butadiene does not produce a signiﬁcant causal effect, in contrast to the previous
ﬁndings of Rosenbaum (2002b) and Zhao et al. (2000). This difference, at least in part, can be explained by the fact that the
Bayesian nonparametric causal model fully accounts for uncertainty due to hidden bias and random error, unlike the
Wilcoxon tests.
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Table 1
Data from Zhao et al. (2000), on human DNA adducts for workers exposed to 1,3-butadiene and controls (N-1-THB-Ade is
measured in adducts per 109 nucleotides). The last column displays posterior estimate of the causal effect, for each
subject.
Treatment group

Age

Smoker

Cigarettes per day

N-1-THB-Ade

Posterior mean causal effect (95%)

Exposed

57
50
28
59
23
49
49
24
45
48
38
44
43
44
57

Y
Y
Y
Y
Y
Y
Y
Y
N
N
N
N
N
N
N

15
20
15
40
20
15
2
5
0
0
0
0
0
0
0

0.3
0.5
1.0
0.8
1.0
12.5
0.3
4.3
1.5
0.1
0.3
18.0
25.0
0.3
1.3

1.03
1.03
1.03
1.05
1.03
1.07
1.04
1.07
1.06
1.02
1.03
1.08
1.08
1.02
1.04

(  1.35,3.15)
(  1.37,3.24)
(  1.35,3.14)
(  1.33,3.21)
(  1.42,3.14)
(  1.35,3.37)
(  1.35,3.29)
(  1.30,3.37)
(  1.33,3.13)
(  1.37,3.18)
(  1.38,3.14)
(  1.34,3.36)
(  1.33,3.38)
(  1.35,3.20)
(  1.37,3.23)

Control

36
20
31
50
31
54
54
55
44
49
51

Y
Y
Y
Y
N
N
N
N
N
N
N

10
20
10
25
0
0
0
0
0
0
0

0.1
0.1
2.3
3.5
0.1
0.1
1.8
0.5
0.1
0.2
0.1

1.06
1.04
1.03
0.99
1.06
1.05
1.03
1.02
1.06
1.03
1.06

(  1.33,3.29)
(  1.37,3.33)
(  1.41,3.22)
( 1.55,3.30)
(  1.34,3.30)
(  1.31,3.29)
(  1.38,3.28)
(  1.35,3.20)
(  1.33,3.30)
(  1.33,3.31)
(  1.30,3.31)

Table 2
Posterior estimates of model parameters, for the DNA data.
Parameter

95%

Parameter

.77

(  3.27,4.67)

.01

(  0.04,0.05)

s2

.67
.00
3.36

(  .32,1.55)
(  .03,.04)
(1.51,9.86)

bT
b0
l0

1.03
 1.26
 .49

mbT
mb0
ml0
tbT
tb0
tl0
tbT , b0
tbT , l0
tb0 , l0

b
lsmoker
lage
lCigDay

Posterior mean

(  1.49,3.30)
(  4.21,2.18)
(  2.60,2.24)

Posterior mean

95%

.97

( 2.16,3.65)

 1.16

( 4.17,2.38)

 .45
17.25
11.22
6.81
 8.87
1.30
 1.03

( 3.17,2.73)
(.16,33.34)
(.16,29.31)
(.15,32.63)
( 11.15,7.64)
( 9.80,9.79)
( 9.25,8.62)

4.2. Chicago public school data
We illustrate the Bayesian nonparametric causal model on a large observational data set of interest in educational
research. Since the enactment of the No Child Left Behind (NCLB) Act in school year 2002–2003, public schools are held
accountable for ensuring that all schoolchildren attain at least minimum proﬁciency on state-level examinations in
reading, math, and science. Here, we analyze available data of 208,286 students from 576 Chicago public schools, who
were either in grades 3, 4, 5, 6, 7, 8, or 11 during school year 2006–2007. Treating the 576 schools as the ‘‘subjects’’, the
objective of this analysis is to infer the causal effect of a low income neighborhood on the percentage of students in the
school with exam scores attaining at least the minimum proﬁciency in the three subject areas. A school is said to be in a
low income neighborhood (the active treatment) when at least 60% of its students are from low-income families,
otherwise, the school does not belong in a low income neighborhood (the control treatment). We modeled the percentage
outcomes by a binomial distribution for the number of students in a school attaining minimum proﬁciency out of a total
number of students taking the examination. Also, we modeled treatment assignments by nine school-level covariates: an
indicator of whether the school has at least 95% highly-qualiﬁed teachers (HQT), an indicator of high school (HS), an
indicator of elementary school (ELEM) (with zeroes for both HS and ELEM indicating a charter school), an indicator of the
school having high minority status (HIMIN ¼1 if the school has at least 60% minority students, 0 otherwise), the log
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Fig. 1. Left panel: posterior mean estimate of the causal effect, for each of the 576 schools. Right panel: the posterior mean estimate of the density of
school causal effects.

Table 3
Posterior estimates of model parameters, for the Chicago public school data.
Parameter

Posterior mean

95%

Parameter

Posterior mean

95%

b
lHQT
lHS
lELEM
lHIMIN
llogSIZE
lATT
lMOB
lTRU
lPAR

3.42
.04
 7.43
 6.10

(3.29,3.55)
(.03,.13)
(  7.81,  6.98)
(  6.37,  5.74)

bT
b0
l0

 .85
 1.33
.45
 .85

(  .97,  .73)
(  1.51,  1.13)
(.13,.84)
(  .89,  .80)

 1.23

(  1.34,  1.14)

 1.33

(  1.49,  1.19)

 .07
9.77
 3.58
 .78
.31

(  .09, .06)
(9.56,10.06)
(  3.77,  3.41)
(  .91,  .65)
(.28,.35)

mbT
mb0
ml0
tbT
tb0
tl0
tbT , b0
tbT , l0
tb0 , l0

.46
.02
.02
.03
 .006
 .003
 .002

(.19,.81)
(.01,.05)
(.01,.05)
(.01,.05)
(  .02,.002)
(  .015,.01)
(  .014,.01)

number of students in the school (logSIZE), the attendance rate of the school (ATT), enrollment change of the school from
beginning to the end of the school year (MOB), the school truancy rate (TRU), and the rate of parental involvement (PAR)
measured by the proportion of students with parents who regularly communicated with the school’s teachers.
According to samples from the posterior predictive distribution of G, the average population causal effect is given by
:85, with 95% posterior credible interval of ð:97,:73Þ. Thus, overall, there is a signiﬁcant negative effect of the low
income neighborhood treatment on student achievement, compared to the non-low income neighborhood (control)
treatment. The left panel of Fig. 1 presents the posterior mean estimates of the low income neighborhood causal effect for
each of the 576 Chicago public schools. We see that the causal effects vary from one school to another, and while most of
the schools have a causal effect around :85, a couple of schools have a causal effect of :5, and ﬁve schools have a causal
effect of around 1. Not presented in the ﬁgure is our ﬁnding that, for each school, the 95% posterior credible interval of
the causal effect is different from zero. The right panel of Fig. 1 presents the posterior mean estimate of the population
density of causal effects. A close inspection reveals that this density is multimodal and somewhat skewed.
Table 3 presents the posterior summaries of all the model parameters, including a summary of the posterior predictive
distribution of the random vector ðb0 , bT , l0 Þ. From the table, we see, for instance, that the most inﬂuential covariates for
the propensity score are attendance rate, high-school status, and elementary school status. Also, among the 576 schools,
the number of distinct (latent) parameter vectors ðb0i , bTi , l0i Þ ranged from 36 to 187, according to the 95% credible interval
of the number in the posterior distribution. Finally, the posterior mean of the variance parameter tl0 was :03, indicating
the presence of some hidden bias, as manifested by the heterogeneity of school-level intercepts (l0i ) caused by unobserved
covariates.
5. Consistency
Here we discuss Bayesian consistency for the model
Z
f ðy,w9x, f, yÞ dGðyÞ
f ðy,w9x, f,GÞ ¼
and we will write z ¼ ðw,yÞ and x ¼ ðf,GÞ. There are prior distributions assigned to f and G; speciﬁcally G will have a
Dirichlet process prior. We will ﬁrst discuss weak consistency using ideas from Schwartz (1965)and Walker (2003).
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So let us assume that x0 is the data generating parameter and let

 ZZ



AE ¼ x :  g j ðz,xÞmðdxÞff ðdz9x, xÞf ðdz9x, x0 Þg o E, j ¼ 1, . . . ,M ,
for bounded continuous functions gj, be a weak neighborhood of x0 . Here m is taken to be the distribution of the xi . We will
use P to denote the prior on x and assume that


Z
P x : dðx, x0 Þ ¼ mðdxÞdK ff ð9x, xÞ,f ð9x, x0 Þg o d 40,
for all d 40, where dK denotes the Kullback–Leibler divergence between probability density functions. This condition
means that x0 belongs to the Kullback–Leibler support of the prior.
Now let
Z
Rn ðxÞP ðdxÞ,
In ¼
where
Rn ðxÞ ¼

n
Y

f ðzi 9xi , xÞ=f ðzi 9xi , x0 Þ,

i¼1

which can be written as
Z
exp ½nfdn ðx, x0 ÞgP ðdxÞ,
In ¼
where
dn ðx, x0 Þ ¼ n1

n
X

log ff ðzi 9xi , x0 Þ=f ðzi 9xi , xÞg:

i¼1

So, for some c 4 0,
lim sup enc In 4
n



Z
dK ðx, x0 Þ o r


lim sup exp ½nfcdn ðx, x0 Þg P ðdxÞ:
n

Now dn ðx, x0 Þ-dðx, x0 Þ a.s. and so lim supfn:dK ðx, x0 Þ o rg exp ½nfcdn ðx, x0 Þg ¼ þ 1 for all c 4 r. This is a standard argument
(Schwartz, 1965) and hence In 4 enc a.s. for all large n for any c 40. This follows since we can make r, and hence c, as
small as we wish.
We should now consider the numerator for Pn ðAcE Þ ¼ PðAcE 9ðzi ,xi Þni¼ 1 Þ in our bid to show that this posterior probability
goes to 0 a.s. for all E 4 0. Hence, consider
Z
Rn ðxÞP ðdxÞ
InE ¼
AcE

and note that
0
1 0
1
M
M
[ [
[
c
þ

Aj A @
Aj A,
AE ¼ @
j¼1

j¼1

where
Z

 Z

mðdxÞ
g j ðz,xÞff ðdz9x, xÞf ðdz9x, x0 Þg 4 E ,
Ajþ ¼ x :
Z

 Z

mðdxÞ
g j ðz,xÞff ðdz9x, xÞf ðdz9x, x0 Þg o E :
A
j ¼ x :
Following Walker (2003) we introduce the ‘‘predictive’’ density
Z
f ðz,x9xÞPn A þ ðdxÞ,
f nj þ ðz,xÞ ¼
j

where Pn,A is the posterior restricted and normalized to the set A. A similar deﬁnition also applies to f nj . It is immediately
obvious that, for example, f nj þ 2 Ajþ and hence if f n is not in a weak neighborhood of f ðz,x9x0 Þ then it is neither in an L1,
and hence Hellinger, neighborhood of f ðz,x9x0 Þ. Therefore, for all n, dH ff ð9x0 Þ,f nj ðÞg 4 g for some g 40, where dH denotes
the Hellinger distance between probability density functions.
It is now proven in Walker (2003, Theorem 1) that Pn ðAj Þ-0 a.s. for every j ¼ 1, . . . ,M, and hence Pn ðAcE Þ-0 a.s. Hence
we have established weak consistency.
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For stronger forms of consistency, such as for sets of the type


Z
AE ¼ x : dðx, x0 Þ ¼
mðdxÞdH ff ð9x, xÞ,f ð9x, x0 Þg o E ,
further assumptions need to be made. The denominator for Pn ðAcE Þ is dealt with in the same way as for weak consistency,
but the numerator needs more attention.
Following Walker et al. (2005, Section 3.2) we can imply strong consistency from weak consistency when f ðz9x, f, yÞ is
bounded and continuous in y for all ðz,x, fÞ. While this covers the Poisson and Binomial cases, it does not cover the Normal
case, except when the variance is bounded away from 0, which is a recourse to guarantee strong consistency.
Weak consistency for the posterior distribution of G and f, assuming the model is correct, holds. The term ‘‘model is
correct’’ refers to the fact that x0 belongs to the Kullback–Leibler support of the prior. This does not of course imply
anything stronger about estimating consistently any particular individual parameters.
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Appendix A. The Bayesian nonparametric causal model for multi-valued treatments
Lechner (2001) proved that when treatment assignments are strongly ignorable given x, then for any given value of
the vector of propensity scores, eðxÞ ¼ ðe1 ðxÞ, . . . ,eW ðxÞÞ0 (where 0 oew ðxÞ ¼ prðw9xÞ o 1, w ¼ 0; 1,2, . . . ,W, and e0 ðxÞ ¼
P
ðjÞ
ðkÞ
1 W
w ¼ 1 ew ðxÞ), the causal effect can be deﬁned by Efy 9w ¼ j,eðxÞgEfy 9w ¼ k,eðxÞg, and the average causal effect can be
deﬁned by EeðxÞ ½EfyðjÞ 9w ¼ j,eðxÞgEfyðkÞ 9w ¼ k,eðxÞg, for every distinct pair of treatments j,k 2 f0; 1, . . . ,Wg. Using these results,
the Bayesian nonparametric causal model for binary treatments can be extended to multi-valued treatments by replacing bT w
with b0T w, replacing be1 ðl0 þ k0 xÞ with b0 eðx; k0 , kÞ, where w is a W-dimensional 0–1 column vector indicating the treatment
received by a subject (with the control treatment indicated by a vector of zeroes), bT and b are each W-dimensional column
vectors, and the vector of propensity scores eðxi ; k0i , kÞ is speciﬁed by a mixed multinomial logit model
ew ðxi ; k0i , kÞ ¼

expðl0wi þ k0 xi Þ
,
PW
1 þ t ¼ 1 exp ðl0ti þ k0 xi Þ

w ¼ 1, . . . ,W,

where the random vector k0i ¼ ðl0ti 9t ¼ 1, . . . ,WÞ0 provides a way to account for hidden bias. Obviously, for two treatments
(w¼ 0,1), this multinomial regression model reduces to the logit model for binary treatments. Then to complete the Bayesian
model speciﬁcation, a prior distribution is speciﬁed for ðb, s2 , k,G, l,TÞ, where G is the random distribution of ðb0 , bT , k0 Þ.
Appendix B. Gibbs sampling methods
The Gibbs sampling algorithm for the random distribution G of the latent parameters ðb0i , bTi , l0i Þ (i ¼ 1, . . . ,n) relies on
the introduction of strategic latent variables, as ﬁrst described by Walker (2007) and Kalli et al. (2010). For the case of
binary treatments, the starting form of the model is
Z
f G ðy,w9xÞ ¼
f ðy,w9b0 , bT , b, s2 , l0 , k,xÞ dGðb0 , bT , l0 Þ,
with f ðy,w9b0 , bT , b, s2 , l0 , k,xÞ ¼ f y9b0 þ bT w þ beðx; l0 , kÞ, s2 ew ðxi ; l0 , kÞ,
where G is a stick-breaking process so that
f G ðy,w9xÞ ¼

1
X

oj f ðy,w9b0j , bTj , b, s2 , l0j , k,xÞ:

j¼1

We ﬁrst introduce the latent variable u such that
f G ðy,w,u9xÞ ¼

1
X

1ðu o oj Þf ðy,w9b0j , bTj , b, s2 , l0j , k,xÞ

j¼1

and the importance here is that the number of oj greater than u is ﬁnite. We now introduce another latent variable k
which picks out the component from which y comes, with
f G ðy,w,u,k9xÞ ¼ 1ðu o ok Þf ðy,w9b0k , bTk , b, s2 , l0k , k,xÞ,
with 1ðÞ the indicator function. Hence the likelihood function based on n observations is given by
n
Y

1ðui o oki Þf ðyi ,wi 9b0ki , bTki , b, s2 , l0ki , k,xi Þ:

i¼1
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The Gibbs sampler can now be described. Starting with the ki, we sample (v,u) by sampling ðvÞ then ðu9vÞ. Hence, the
P
P
conditional for vj; for j ¼ 1, . . . ,M, where M ¼ maxi di , is beta ðaj þnj ,bj þ mj Þ, where nj ¼ i 1ðdi ¼ jÞ and mj ¼ i 1ðdi 4jÞ. We
then sample ui  Uniformð0, oki Þ. Before discussing sampling the ðb0j , bTj , l0j Þ and how many more of the vj we need to
sample, let us consider the sampling of the di. Now we have prðdi ¼ jÞp1ðoj 4ui Þf ðyi ,wi 9b0j , bTj , b, s2 , l0j , k,xi Þ: Hence we
need to sample as many vjs until we are sure we have all the oj which are greater than ui. We will know we have all of
P i
these when we have Ni such that N
j ¼ 1 oj 41ui : Hence, we keep sampling vM þ 1 , . . . ,V N and also sample ðb01 , bT1 , l01 Þ, . . . ,
ðb0N , bTN , l0N Þ, where N ¼ maxi Ni . For j o M þ 1 we have
Y
ðb0j , bTj , l0j Þp
f ðyi ,wi 9b0j , bTj , b, s2 , l0j , k,xi Þhðb0j , bTj , l0j Þ
di ¼ j

and this can be sampled via a random-walk Metropolis–Hastings algorithm. For j 4 M, ðb0j , bTj , l0j Þphðb0j , bTj , l0j Þ which can
be sampled directly. The new M will be less than the old N and hence the Metropolis–Hastings algorithm can always
be implemented. Also, in order to obtain samples from the predictive distribution of ðb0 , bT , l0 Þ, we can, at each iteration of the
Gibbs sampler, sample from the random G. In particular, we sample a n from the uniform distribution on ð0; 1Þ and take
Pj1
P
P
ðb0 , bT , l0 Þ to be ðb0j , bTj , l0j Þ if
ol o n o jl ¼ 1 ol , otherwise if n 4 Nl¼ 1 ol we take ðb0 , bT , l0 Þ to be distributed as
l¼1
hðb0 , bT , l0 Þ.
We now explain how we sample from the full conditional posterior distributions of the remaining parameters, ðb, s2 , k, l,TÞ.
We Gibbs sample ðb, kÞ using the approach by Damien et al. (1999). Writing the likelihood of each observation as
Lðyi ,wi 9b, k,restÞ ¼ f ðyi ,wi 9b0ki , bTki , b, s2 , l0ki , k,xi Þ, the full conditional posterior density of b is proportional to normal
ðb9mP , s2P Þ1ðb 2 Ab Þ, where Ab ¼ fb : Lðyi ,wi 9b, k,restÞ 4ui ,i ¼ 1, . . . ,ng, where each ui is a Uniform ð0,Lðyi ,wi 9b, k,restÞÞ draw.
Likewise, the full conditional posterior density of each ll (with k ¼ ðll 9l ¼ 1, . . . ,pÞ0 ) is proportional to Normal ðk9mk , Sk Þ
1ðll 2 All Þ, where All ¼ fll : Lðyi ,wi 9b, k,restÞ 4 ui ,i ¼ 1, . . . ,ng, and where each ui is a Uniform ð0,Lðyi ,wi 9b, k,restÞÞ draw. At each
stage of the Gibbs sampler, each of the sets Ab and All can be identiﬁed using Neal (2003) ‘‘stepping-out’’ or ‘‘doubling’’
algorithm. Also, based on standard results on Bayesian inference of multivariate normal distributions (Evans, 1965), given
ðb0ki , bTki , l0ki Þ, i ¼ 1, . . . ,n, the full conditional posterior of l given T is a trivariate
1
1
1
ðnc T1 lc þ ðT1
þ T1
Þ
Normalððnc T1 þ T1
0 Þ
0 l0 ÞÞ,ðnc T
0 Þ

distribution, and a sample of T from its full conditional is given by T1  Wishart ðn0 þðp1Þ þ nc ,ðR0 þ UÞ1 Þ, with
P
U ¼ c ððb0c , bTc , l0c ÞlÞððb0c , bTc , l0c ÞlÞ0 , and nc is the number of distinct ðb0ki , bTki , l0ki Þ (i ¼ 1, . . . ,n) with lc denoting their
average. Finally, when the outcomes yi are modeled as normal with unknown variance s2 , the full conditional posterior of s2
is a Gamma ðða1 þ nÞ=2,ðða2 þri 0 ri Þ=2Þ1 Þ distribution, where ri ¼ ðyi ðb0ki þ bTki wi þ beðl0i þ k0 xi Þ9i ¼ 1, . . . ,nÞ (e.g., Kleinman
and Ibrahim, 1998).
Finally, the same sampling procedures described above are easily extended to the model with more than two
treatments, w ¼ 0; 1, . . . ,W. The only difference being that we would replace ðbT , b, l0 Þ with ðbT , b, k0 Þ and replace e1 ðx; l0 , k0 Þ
with eðx; k0 , kÞ, with the vector eðx; k0 , kÞ deﬁned by the random-intercept multinomial–logit model (Appendix A) having
likelihood ewi ðxi ; l0wi , kÞ (for i ¼ 1, . . . ,n).
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